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1 Derivation of Information Capacities

1.1 Nearest-Neighbour VQ with Limited per-Image Codebook
Usage

In our experiments, we observed that applying naive nearest-neighbour vector-
quantization [1] alongside PI-VQ results in a severely diminished per-image code-
book usage Kimg, the maximum of which over the whole training set was 49
(where the technical maximum is 512) when training on CelebA-HQ. This re-
sults in many repeated codes (since each image representation is of total length
512), and hence redundancy in the discrete latent representation, which severely
restricts the capacity of PI-VQ information bottleneck.

Here we derive a precise upper limit on information capacity when using
nearest-neighbor VQ, with an overall codebook usage (over the entire dataset) of
Kata, representation length L, and maximum per-image codebook usage K.
We use the same notation as in the main text.

In the best (maximum information) case, when representing an input image
chosen at random from the dataset, the model selects K,y codebook elements
at random, without replacement, from the K 4., codebook elements. The space
S of possible values that this “working subset” can take on is of cardinality:

51= (g 0

This is equivalent to stating that there are “Kgq¢, choose Kipg” ways to
choose K,y unique elements from a set of K4, unique elements.

Next, given a fixed working subset of length Kj,,,, we determine the car-
dinality of the space R of representations of length L consisting of only K4
unique elements as:
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This is equivalent to the number of ways one can distribute L “bars” among
Kimg “stars” using the combinatoric “stars-and-bars” graphical aid [2].

Finally, we give an upper bound on the cardinality of the space M of all
possible representations as:
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We note that |M] is strictly smaller than the product of the two because there
exist instances of overlap between representations from two distinct “working
sets”, e.g. two distinct working sets both containing codebook entry ¢ can both
represent an image as ¢ repeated L times. This inequality is not an issue for our
derivation since we are deriving an upper bound.

The upper bound on information capacity, in bits, is then:
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1.2 Improved Capacity using Matching Quantization

The proposed matching quantization approach ensures that representations of
length L always use exactly L unique elements from the overall codebook. The
space M of possible representations under this approach is then of cardinality:
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This is because representing a given image is equivalent to choosing L ele-
ments from a set of size K414, to achieve which there are exactly “Kg,:q choose
L” possible ways. We note this is equivalent to the naive quantization case with
Kimg fixed at L. Thus the associated information capacity in bits is:
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2 Training Details

We train the PI-VQ run for 1,400,000 iterations for the 256x256 datasets and
400,000 iterations for CelebA 64x64. Following earlier work with VQ-GAN [3,
4], we begin adversarial training part-way though the training run (iteration
500, 000 onward, or 100,000 onward for CelebA 64x64).

Codebook initialization and reset: We set T;, = 60,000 for FFHQ and
CelebA-HQ. Due to the smaller overall number of training iterations on CelebA
64x64, we set T, = 25,000. In each case, T is chosen to take place before the
onset of adversarial training, and after at least one complete iteration through
the entire training set.
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